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Abstract: We describe the "action-angle" integrable system underlying the structure of 
double-extremal black holes. This implies the existence of a canonical transformation from 
BPS to non-BPS black holes. We give examples of such canonical transformation for STU 
and for £^7(7) -invariant black holes. 
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1. Introduction 

During the last 15 years we have learned how to find extreme black hole solutions with 
unbroken supersymmetry by solving equation T>Z = 0, where Z is the vector multiplet 
central charge in N=2 supergravity. The BPS solutions satisfy the near-horizon attractor 
equations Q which have been studied for a long time. This is much simpler than to solve 
directly a system of equations for all fields, including the Einstein equations and take the 
near-horizon limit afterwards. Various relations between BPS near-horizon geometries have 
been established. For non-supersymmetric black holes these methods do not directly apply 
because they do not satisfy the simple equation VZ = 0. The non-BPS attractors Q-Q 
are much less studied and only recently the relevant non-BPS attractor equations Q-Q 
have been derived. As a result, non-supersymmetric black holes are much less known and 
understood than the supersymmetric ones. 

The purpose of this note is to describe the relation between extremal black holes 
with unbroken supersymmetry, satisfying equation T>Z = 0, and extremal black holes 
with spontaneously broken supersymmetry, with VZ ^ 0. We will be able to generate 
the non-BPS solutions from the BPS ones in a canonical way. For this purpose we will 
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first remind some well known facts about the one-dimensional action related to extremal 
black holes in four dimensions. We will then formulate an integrable system relevant to 
double-extremal black holes with everywhere constant scalars satisfying the BPS/non-BPS 
attractor equation. We will explain the canonical structure of this system and the reason 
for the existence of a canonical transformation between BPS and non-BPS attractors. We 
exemplify these general arguments by few simple examples. 



2. Extremal black holes and attractors 



We start with the bosonic part of the Einstein-Maxwell action coupled to some Abelian 
vector fields, as in H-B 



R 



We use the static spherically symmetric ansatz for the extremal black hole metric 



■2U 



(2.1) 



(2.2) 



Taking into account the independence of the action from the electric iP^{t) and magnetic 
Xa(t) potentials due to gauge invariance of the action, one finds the one-dimensional 
Lagrangian for the evolution of U{t),z{t) and z{t) Q, 

^) +G,,^^ + e'^VBH{z,z,P,q). (2.3) 



with the constraint: 

dC/V ^ dz'^dz'^ . ^ n 

-^j +Ga-a^^-e^^VBHiz,Z,p,q)=0 . 

Here the "black hole potential" g, §, g] is: 

VBH{z,z,p,q) = \Z(z,z,p,q)\'^ + \VaZ{z, z,p,q)\'^) , 



(2.4) 



(2.5) 



Z is the central charge, the charge of the graviphoton in AA = 2 supergravity and T>aZ is 
the Kahler covariant derivative of the central charge. 

K(z,z) 



Z{z,z,q,p) = e— (X^(z)gA - Fa(z)p^) = (LV " Map^) 



(2.6) 



ZryT) , Zr^ 



For double-extreme black holes [^-[0] scalars are constant: their values at infinity, 
are the same as near the horizon, -z/jx, ^/ix- 

The attractor equation for non-BPS and BPS black holes was proposed in |^ and 
developed in p. It defines the fixed values of the moduli zji^, Zfi^ as the functions of the 
black holes charges, {p,q). 



m = 2Im 



{V-aV-,Z)G---G''V,Z ^ 

Z "3 LJa^h 



Zfix (p, q), {p,q) -(2.7) 
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In case of BPS black holes the second term in the right hand side of eq. (|2.7| ) vanishes and 
it is reduced to the BPS black hole attractor equation . 

At infinity, as r ^ 0, U Mr and one finds a Minkowski metric and the constraint: 



M'^{p,q) = \Z{zfix,Zfix,p,q)\^ + \VaZ{zfix,Zfix,p,q)\^ . 



(21 



The BPS configuration has its mass equal to the central charge in supersymmetric theories 
so that: 

M'^iP,Q) = \Z{zfix,Zfix,P,q)f , T>aZ{zfix,Zfix,p,q) = . (2.9) 

The non-BPS extremal black holes have a mass squared given in expression ( p. 111 ). The 
double-extremal non-BPS black holes were presented in [^. In both cases, BPS and non- 
BPS, the double-extremal black hole entropy is given by the following expression 



S{p,q)=T^M\p,q) . 



(2.10) 



At the attractor point the mass formula can be presented in terms of a symplectic invariant 
Ii of the special geometry constructed in 111] 



h{p,q) = \Z{z,z,p,q)\^ + \'DiZ{z,z,p,q)\^ = -^{p,q) ■ M{zfix,Zfix) ■ {p,q)^ 

(2.11) 

(2.12) 



where the matrix M.{z, z) at the arbitrary point of moduli space is given by 
M{M) 

and N depends on special coordinates (z, z) and lmj\f is negative definite. 



\mN + ReAAlmAA-iReAA -Y{,eNlmN~^ 
-ImAA'iReAA ImN-^ 



3. Double-extremal black holes as an integrable system 



3.1 Kamiltonian 

Consider a canonical system with some Hamiltonian which can be transformed into a form 
in which the Kamiltonian K(Ji) (the Hamiltonian after the transformation to action-angle 
variables) of the integrable system depends only on the action variables Jj and does not 
depend on angle variables ^>*. The Kamiltonian equations of motion for action variables 
Ji and angle variables are 

= = = ^ <^' = % + V{J,)C. (3.1) 

The first equation states that all our Jj-variables do not depend on the evolution parameter 
The second equation allows to calculate the frequencies V*(J) as the functions of action 
variables. 

One can, in general, perform a Legendre transform to the frequency variables V, instead 
of the action variables J. 

K{J) = kiy) + JiV' (3.2) 
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where 

^-E^-V ^--j. (33) 
3.2 Double-extremal black holes 

We can consider the effective one-dimensional theory of double-extremal black holes, with 
scalars fixed everywhere to attractor values, as a case of integrable system. At this point 
we have to change the evolution parameter r to ^: 

The reason for the change of variables is the following: equations of motion for the electric 
and magnetic potentials are ^, 

e-^''dM,x)=-M-{p,qy , (3.5) 

where for the double-extremal black holes 

e"^ = 1 - Mr = --At7 • (3-6) 

Therefore the equation for electric-magnetic potentials can be presented in the form 

d^{i;,x)=-M-{p,qy . (3.7) 

We have a set of ^-independent action variables J = {Jm,P, q) and a set of angle variables 
which depend on ^ linearly: 



(e^(0,V'(e),x(0) , (3. 



e^(e) = i + Me, 

m),x{0) = {i'o,Xo)-M-{p,qY^. 



(3.9) 
(3.10) 



The scalars are fixed by attractor equations and are functions of (p, q), Zfix{p, q), Zfi^ip, q). 
However, not all of these variables are independent, since we have a constrained system: the 
pair (Jjv/,e^) can be removed. We therefore find that the frequency M in the expression 
in (|3.9|) can be replaced by the function of only {p, q) as follows 



e^(0 = 1 + Me 



M = M{p, q) 



-^(P,?) • {zfix{p,q),Zfia:{p, q)) • {p,qy 



1/2 



(3.11) 



The Kamiltonian of the integrable system depending only on the independent action vari- 
ables {p, q) can be presented as 

K = M\p,q), (3.12) 
where M'^{p,q) is defined in eqs. ( 2.11 ), ( 2.12| ). 
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To prove our assertion we have to calculate the right hand side of eq. ( p.lD and compare 
it with eq. ( ^ ). We find 

dK 

= -M {zfi^{p, q), Zfi^{p, q)) ■ {p, qf . (3.13) 



d{p, q) 

Note that we have used the fact that 

^((p,g)-A^(z,z)-(p,g)*)=0, (3.14) 

since this is the critical point of the potential, ^Vbh = 0. 

Thus we see that any double-extremal black hole solution corresponds to a canonical 
integrable system. At the attractor point the canonical transformations are 5'p(2(n + 1), Z) 
transformations, in models with n + 1 electric and n + 1 magnetic charges. 

3.3 Legendre transform and Hesse potential 



We may perform a Legendre transform on our Kamiltonian ( |3.12 ) and find the relation to 



the Hesse potential, discussed recently in Q. We perform the Legendre transform from the 
action variables Jj = {p^,qh) to the frequencies V*(J) = ('0^,xa) which are proportional 
to {x^,y\) in To simplify the relation to |8| we will use {iP^,xa) = 2(2;^, i/a)- The 
general case of Legendre transform on Kamiltonian K{J) in eq. (|3.2| ) takes the form 



K{p, q) = 2[W(x, y) + p^A - q^x^] (3.15) 

Here 

K{x,y) = 2n{x,y) = {x,y) ■ M'^ (^Zfix{x,y), Zfi^{x,y)^ ■ {x,yY , (3.16) 
Ai^^ is the matrix inverse to M-{J\f) defined in eq. (|t|) and 

Zfix{x,y) = Zfi^(^p{x,y),q{x,yj^ Zfi^{x,y) = Zfi^(^p{x,y), q{x,yj^ (3.17) 

The derivative of the Kamiltonian over (p, q) is given by 

= -M(^Zf,^{p,q),Zf,,{p,q)) ■ {p,qf = (V',x)* = 2(x,y)* (3.18) 

and 

d'H{x,y) dn{x,y) ^ 

= '^^ ' = 

To compare with |8| we have to keep in mind that at this stage, when considering BPS 
and non-BPS configurations, the higher derivative terms have not yet been included. If, in 
addition, we would for the sake of comparison consider only the BPS case with DZ = 0, 
we would be able to use the fact that 



ImF + ReJ^mJ^-iReJT -ReJ^ImJ^-^ 
-ImJ^^-iReJ" ImJ^-i 



DZ = {) (3.20) 
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where Tij = didjT and T is the prepotential. In such case, our eq. (|3.15|) is reduced 
to the Legendre transform between the BPS black hole entropy q) and the Hesse 
potential Ti{x,y) proposed in |^]. In more general case of either non-BPS black holes or 
non-existence of the prepotential, the relevant matrix Ai(z,z) is defined in eq. ( 2.12| ) and 



the matrix AA can be constructed from the symplectic section {X^, Fa) as explained in ||T2| 
The Legendre transform ( |3.15| ) remains valid with the definitions given in eq. ( p. 16 ). 



4. Canonical transform between BPS and non-BPS black holes 

There are 2 invariants under symplectic transformations 

h{p,q;z,z) = \Z\^ + \VZ\^ = -^{p,q) ■ (^M{Af)) ■ {p,qY , (4.1) 

l2{p,q;z,z) = - \VZ\^ = -^{p,q) ■ (a^(.F)) • (p, g)* . (4.2) 

The first invariant is always present as long as special geometry is defined by a choice 
of a symplectic section {X^,Fx). The existence of the second invariant requires that the 



prepotential exists. This may or may not be the CQfSB, ctS shown in ||13|]. In such case, we 
may expect that the canonical Sp{2{n + 1),Z) transformations under certain conditions 
may not preserve I2. Since they do preserve /i, this means that neither \Z\'^ nor 
will be preserved. Since we know examples of such BPS and non-BPS black holes |^], Q, 
it would be interesting to find out the relevant canonical transformation which does not 
preserve the value of T)Z. 

VZ = ^ PZ / . (4.3) 

Both of these black holes near the horizon satisfy the new attractor equations, Q, It 
is useful to present them in the form proposed in Q . 

{Yijh^)dv=o = , (4.4) 

where = g^^V-jZ and Yij = VCDjZ + 2 p^p PjZPjZ. There are two types of solution 
of this equation : BPS, /i* = and non-BPS, /i* 7^ 0, det y = 0. Clearly, it is easy to 
find BPS solutions with T>Z = 0. How can we generate the non-BPS solution from it? A 
generic symplectic transformation at the attractor point (or for the double-extreme black 
holes) is given by 




A B' 
CD, 



C 5p(2(n + l),Z) . (4.5) 



The black hole entropy S = 7r(|Zp + \'DZ\'^)fix is invariant under these transformations. 
The values of scalars are defined by the attractor equations which for the BPS black holes 
are known in various cases. The general structure of these transformations in the canonical 
system described before implies that they include the interesting ones, transforming BPS 
into non-BPS. 
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4.1 STU black holes 



Consider the STU black holes |]l^] in the basis where there is no prepotential. The solution 
of the BPS attractor equations gives the following values for the entropy in terms of 4 
magnetic and 4 electric charges p^,qA- 



S 



= \J-p^q^ — P ■ Q , P^ff — p ■ q > 



(4.6) 



Here = p^ri^j^p^, etc. where the S'0(2, 2)-invariant metric is + H . The position of 

the vectors can be uplifted using the S*© (2, 2) -invariant metric, e. g. = r/^^gs- The 
attractor values of the moduli are 



S 



U 



p-q-i{p^q^ -{p-qff'^ 



_ S{p^-p^)-{q^-q^) 
S(-p3 -pi) _ 



q3 _ 



and the BPS mass/area formula is 



ZZ = 



A 



(4.7) 

(4.8) 
(4.9) 

(4.10) 



To transform this solution to the non-BPS one we first have to take a simplified solution 
which has only 4 non- vanishing charges, out of 8. These are p^ ,p^ ■,qQ,q2- Out simplified 
solution has no axions, 



S 



-i {p^q^Y^"^ 
p2 



S{p^-p^) 



U 



S{-p^-p^) 

-(9° -a 



(4.11) 



and the mass/area formula is 



ZZ = M"^ = — 
4tt 



[P 



2;=2^1/2 



(4.12) 



Consider the following canonical transformation in eq. (4.5) where 



A = D 



/ 1 \ 

10 

10 

\ 1 y 



B = C = 



(4.13) 



The charge vector becomes (0,p^, 0,p^, %, 0, q2, 0)' = (0,p^, O,^'^, q2, 0, qo,0). Thus, we find 
that 
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Since the transformation ( [4.5D , ( 4.13| ) is canonical, it must preserve the positive invariant 
Ii and the entropy /area of the black hole 



- = ^ = + \VZ\^ = vW = \Z'\^ + \VZ'\^ = ^/-{p'Y{q'Y . (4.15) 
vr 47r 

The original system with q charges and fixed moduli in eq. ( |4.1l| ) was for BPS black 
holes, the one with primed charges p' , q' is for non-BPS black holes. The attractor values 
of moduli of the non-BPS black holes are given by the expressions 



-W-imq'? , s'{p'-'-p'') s'{-p'^-p'') 

Interestingly, we may look at the black hole entropy for both BPS and non-BPS cases, 
starting from the expression for the simple, non-axion case, with only 4 charges out of 8 
non-vanishing and generalize it to the case when all 8 charges are present, using the SL{2, Z) 
symmetry. The manifestly SL{2, Z) x S0{2, 2)-invariant entropy of the BPS black holes is 
conveniently described by the determinant of the matrix 

/ ^2 



p —p ■ q\ S A 



Qbps = ".2 ' - = ir = VdetQBPs . (4.17) 

\-p-q q I TT 47r 

Thus the entropy is manifestly SL{2,Z) invariant, and of course, each scalar product in 
Q is manifestly SO(2,2) invariant. The entropy of the non-BPS black holes is in turn 
described by the minus determinant of the matrix 

A'^2 



QnonBPS - \_^. .y I, - - ^ - ^ - deiQnonBPS ■ (4.18) 

The entropy formula which is manifestly SL{2,Z) x 50(2,2) invariant in both cases is 
given by 

S A 



- = — = v^dit^ . (4.19) 
vr 47r 

One can also switch to a basis in which the STU black holes have {SL{2, Z))^ symmetry and 
where the entropy/area formula |1C] is given by the Caley's determinant of the 2x2x2 
matrix aijk,i,j,k = 1,2, as shown in [^], [15|. The resulting entropy formula will be 
expressed via the set of charges {p, q) and will be given in the BPS case by the 

-) =^ = V-Det aijk (4.20) 

and by 

-) =^ = VDet aijk • (4.21) 

For both cases the entropy is 

- = ^ = J|Det aijk I . (4.22) 
vr 47r V 
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4.2 i?7(7) black holes 

It has been shown in ||l^ that the entropy of the regular black holes in N=8 supergravity is 
given by the £^7(7) -invariant formula depending on Cartan-Cremmer-Julia quartic invariant 
J4. For BPS case 

since J4 is negative. The classification of the BPS black holes in N=8 supergravity was 



performed in |18]. It was shown in |19] that the quartic £'7(7) -invariant J4 can be positive 
as well as negative. Finally, the relation between the £7(7) black holes and the STU black 
holes was explained in 



One can relate the BPS to non-BPS black holes in N=8 supergravity via canonical 
transformation as follows. First of all one can reduce the £7(7) case to the STU case and 
use the arguments in the previous section. Alternatively, one can proceed as follows. The 



Cartan-Cremmer-Julia form of the invariant [17| depends on the central charge matrix Z 



J4 = +Tr{ZZf - i(Tr ZZf + 4(P/ Z + Ff Z 
or on the quantized charge matrix {x,y) 

J4 = -Tr{xyf + l{Trxy)^-4{Ffx + Ffy) 



Here 

Zab 

is the central charge matrix and 



4V2 



{x-' + iyab){r" 



)AB 



x"^ + iyab 



V2 



ZABiT 



AB\ 



Jab 



(4.24) 



(4.25) 



(4.26) 



(4.27) 



is a matrix of the quantized charges related to some numbers of branes. The exact relation 
between the Cremmer-Julia invariant in eq. (4.24) and the Cartan invariant in eq. ( 4.25| ) 
and has been established in ||2^ and in |]l9|]. In BPS case J4 is negative. Consider the 
quartic invariant in the canonical basis [p!5|]: 



Wab jean 



/Ai 0\ 
A2 
A3 

\0 A4y 

The canonical transformations can be performed in this basis 




(4.28) 





C Sp{8, 



(4.29) 



We may now start with a particular supersymmetric configuration where all y^fe vanish and 
all the off-diagonal elements of x""^ are present. The quartic invariant is now reduced to 



J4 



-4P/ X 



-4xiVW8<0. 



(4.30) 
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It must be negative for BPS black holes, the entropy is 

TT vr vr 
Now we can make a canonical transformation ( 4.29| ) where 

/-I \ 
10 



(4.31) 



A = D 



B = C = . 



(4.32) 



10 
\ 1/ 

The new charge vector {x,y)' is now canonically related to an old charge vector (x, y) as 
follows 

(x,y)' = (0,0,0,0,xl^x3^x5^a;^^)' = (0, 0, 0, 0, -x^^^ x^^) 
The quartic invariant in terms of new charges is 

J4 = -4P/ x' = -4(xl2y(^34y(^56y(^78y > q ^ 

it is positive and it represents the non-BPS black hole entropy 



vr 4vr 



(4.33) 
(4.34) 

(4.35) 



Thus the entropy of the most general extremal BPS and non-BPS black holes in = 8 
super gravity is given by 

f = A . ^ (4.36) 

and the BPS case J4 < is related to the non-BPS case J4 > by a canonical transforma- 
tion. 



5. Discussion 



The fact that extremal BPS and non-BPS black holes are related by a canonical transfor- 
mation is not surprising. In both cases we are solving equations of motion of supergravity, 
so the non-supersymmetric solution has a spontaneously broken supersymmetry. As ex- 
plained in , the new attractor equations for the non-supersymmetric extremal black holes 
Q correspond to a vanishing of the determinant of the fermionic mass matrix, specific for 
spontaneous breaking of supersymmetry. 

We have shown in this note that the one-dimensional system describing the evolution 
towards the horizon of the double-extremal black holes is an integrable system in "action- 
angle" variables. This means that all possible solutions, super symmetric or not, should be 
generated by canonical transformations. Indeed we have found few examples of the BPS 
and non-BPS double-extremal black holes related by canonical transformations. 



I am grateful to A. Giryavets, A. Linde, N. Sivanandam and M. Soroush for useful 
conversations. This work was supported by NSF grant PHY-0244728. 
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